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Abstract: Let (S”,go) be the unit sphere of Iw”+’ endowed with its standard metric. On one 
hand, according to the obstructions of Kazdan-Warner and Bourguignon-Ezin, the functions of 
t,he type 1 +hod, where h is a first spherical harmonic and where q4 is a conformal diffeomorphism 
of S”, are not the scalar curvature of a metric conformal to go. On the other hand, we prove that 
we can associate to each function f a first spherical harmonic hf and a conformal diffeomorphism 
d such that f - hf o q4 is the scalar curvature of a metric conformal to go. When n = 3, if f 
is symmetric at one of its maximum points, there exists hf a first spherical harmonic such that 
f - hf is the scalar curvature of a metric conformal to go. 
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vature, Sobolev spaces. 
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1. Introduction and statement of the results 
Let (S”, go) be the unit sphere of IWn+l endowed with its standard metric induced 
from the euclidean metric. We recall that a smooth function f defined on 5’” is the 
scalar curvature of a metric conformal to go if there exists u E Coo(P) such that 
Au + 2 = feU, ifn=2, 
n(n - 2) 
Au+ 4 71 = fU(n+2M74), ?/_ > 0 7 if n3 3. 
-4s a consequence, scalar curvatures of metrics conformal to go are positive somewhere. 
On the other hand, in [6] ( see also Bourguignon-Ezin [a]), Kazdan and Warner show 
that for functions f and u connected by these relations 
I (VhVf)e” = 0, if n = 2, 
I (VhVf)u 2nl(n-2) = 0 , if n 2 3, 
where these identities have to be satisfied for all first spherical harmonics h. 
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From now on, we let Conf( Sn) be the conformal group of (S”, gu) and we let Scal( Sn) 
be the set of functions which are scalar curvatures of metrics conformal to go. Scal(S”) is 
stable under the action of Conf(Sn) as for all f E Scal(Sn) and all 4 E Conf(Sn), 
f o q5 E Scal(,!?). Th ere ore, according to Kazdan-Warner [6] and Bourguignon-Ezin f 
[2], for all constants Ir’ > 0, for all q5 E Conf(Sn), and for all first spherical harmonic h, 
K + h o 4 6 Scal(S”). (If not, there will exist a first spherical harmonic [ such that Ir’+ 
5 E Scal( Sn). But V[V( K + t) is almost everywhere positive). On the other hand, Ir’ 
is the scalar curvature of n(n - 1)/I<. go. 
In fact, it should be interesting to prove that to each f we can associate a first 
spherical harmonic hf and a conformal diffeomorphism 4 E Conf(Sn), such that f - 
hf o q5 is the scalar curvature of a metric conformal to go. We do that here. The 
first results in this direction have been obtained by Aubin. In [l], he has proven that 
we can always find such a function hf (with q5 the identity), either when n = 2 or 
when f is sufficiently close to one. That is when f is everywhere positive and satisfies 
Sup f < 41/(“-2) Inf f. The problem has been studied by Bourguignon-Ezin [2] and 
recently by Chang-Yang [3]. 
In the following n 2 3. We define: 
A = space of first spherical harmonics, 
Af,p = {u E W1t2(S”), u 2 0, j- fuQ = 1, J huq = 0, V h E A}, 
I denotes the functional on W*j2(Sn) defined by 
I(u) = / ph12 + n’n4- 2,J 2L2, 
44~~ 
J 
Xj,q = Inf{l(u); u E 
w Iz = volume of S”, 
p= 
n(n - 2)~:~” 
4 ’ 
2n 
PC=------ 
n-2' 
We first prove the following result. 
Main Theorem. Let f be a smooth function on S”. Assume either that S f 
that f is positive at two antipodal points of 5’“. If 
&f,p < 22’“/@uP f > 
2/n-l 
then there exists hf E A such that (f - hf) E Seal(P). 
We then prove the two following results. 
> 0 or 
Theorem A. Let f : S” + Il% be a smooth function such that Sup f > 0. Then, there 
exists hf E A and a conformal difjeomorphism q5 E Conf( Sn) such that (f - hf o q5) is 
the scalar curvature of some metric conformal to the standard metric go. 
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Theorem B. Let f : S3 + lR be a smooth function such that there exists a point 
x E S3 with f(x) = f(-x) = Sup f > 0. TI ten, there exists hf E A such that (f - h,t) 
is the scalar curvature of some metric conformal to the standard metric go. If f (x) = 
f (-x) for ~11 x E S3, then one may take h/ = 0. 
2. Proof of the Main Theorem 
We first need the following lemma. 
Lemma 1. Let f be a smooth function defined on S” and 1 < q < p. Assume either 
that s f > 0 or that f is positive at two antipodal points of S”. Then, the infimum X,.,, 
of I on Af,, is attained. In particular, there exists uq E Aj,s such that I(ug) = Xf,4, 
and the Euler Lagrange equation 
Au, + n(n4- 2)uq = X,,,(f - h&i-’ 
is satisfied for some hfY4 E A. 
Proof. First of all, Af,s is not empty. As a matter of fact, the condition that f is 
positive at two antipodal points of S” implies that there are globally symmetrical 
functions in Af,g (i.e. functions such that U(X) = u(-CC) for all x in Sn), whereas the 
condition J f > 0 implies that there is at least one positive constant in Aj,q. Now, lets 
(G;) be a sequence of functions in Aj,q which satisfy lim f(zl;) = Xf,p. As the inclusion 
IY’J(P) c L&P) is compact, we may suppose that (u;) converges weakly to 2~ 
in W’y2(Sn) and strongly t o up in L,(P) n LQ(Sn). The strong convergence implies 
tha.t 1~~ is in Af,q, whereas, the weak convergence implies I(u,) < JI~,~. Therefore, 
(lp realizes the infimum of the functional I. The lemma then follows from classical 
regularity theorems. 0 
Lemma 2. limq.+pXf,q < Xf,p. 
Proof. Let u be a smooth positive function of Af,p such that L(U) < Xf,p+~, E > 0. The 
function uq = up/q then belongs to Af,q and we have Xf,q < L(uq) with lim,,, I(v,) := 
f (16). Therefore, lim q.+pXf,q < Xj,, + E for all E > 0. q 
The next step uses a theorem obtained by Aubin in [l] (namely theorem 2 page 1.52). 
Lemma 3 is a simple consequence of this theorem. 
Lemma 3 (derived from Aubin [l]). F or any E > 0, there exist constants A(E) and 
q(s), q(s) < p, depending only on E, such that 
(1 ) lulQ nl(n+q) 6 ( & + E) CJ pu~2)“q’2~n+q~ + A@)(/ 212)nq’2(n+q) 
for all q(E) < q < p and for all u E W1,2(Sn) which satisfy s hlu[q = 0, ‘d h E A. 
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Proof of the Main Theorem. Let Xf,s be as in Lemma 1 and let uq be the functions 
given by Lemma 1. We choose the uzLg such that (uq) converges weakly to u in W’~2(S”), 
strongly to u in L2(Sn) and such that lim,,, XI,~ exists. 
With Lemma 3 we obtain for q > q(E), 
16 fqi (J ) 74(n+9) < (Sup f)4lz+s) (J ) $ n’tn+9) 
< (Sup f)++9) 
K 
& + E) I(u,)+(n+q~ + A(E) (J u;) nq'2(n+q)] 
< (Supf)n/(n+g) k + ,)x;,p+q) + ~yr)(Jq~'~'~+"'. ( 
But, according to Lemma 2, 
lim (Sup f)n’(n+9) & + E) X;y/2(‘“+9)) 
P+P ( ( 
< (SUP _fYin (& + &) hv 
and if we choose E such that 
(SUP fY’” (& + &) X.f,p < 1, 
we get a positive constant C, independent of q, for which j ui > C for all q(E) < q < p. 
Therefore, u is not identically zero. Now, we write hf,, = C,h,, C, > 0, where h, E A 
satisfies Ilh4jlc~ = 1. Moreover, as A is of finite dimension, we may suppose that (h,) 
converges Co to h E A. (Thus, llhllco = 1). If we multiply the equality of Lemma 1 by 
hquq, we obtain after integration 
J h,u,Au, + n(n - 2) 4 J h,u; = Xj,9 fh,& - CqXj,, J J h;u;. 
Integrations by parts then lead to 
J h9u9Au9 = J hqIVuq12 + g J hqui so that 
J h,lVu,12 + h q fhqu: - J n(n - 4) 4 J h,u; = CqXj,q J h;u;. 
But the left member of this last equality is bounded, whereas, 
c&f4 J h2uq > C X 9 4 ’ 9 f,9 (,$-W9 J ~hq~“f~u;)q’2~ 
- 
Therefore, obviously, hm,,,C, < 00 since 1im,,,C, = 00 + s lh12(“-2)/“u2 = 0 + 
u = 0 (as {z/h(z) = 0} is negligible for the measure on P). 
Thus, we may also suppose that (C,) converges to C 2 0. Classical arguments then 
finish the proof of the theorem (where hf = Ch). 0 
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The trick is to use the following very simple lemma. 
Lemma 4. Given x E S”, there exists a l-parameter subgroup {&} c Conf(S”) such 
that for all :y # fx, we have 
(We just choose q+(y) = ety in the stereographical model). Now, Conf(Y) also act,s 
on C”(Sn) and we have the 
Complement. Let {&} c Conf( Sn) b e as in the previous lemma and 211 E C”(Sn). 
Set wt = ‘u! o &. Then ult + w(x) (as t -+ +cm) uniformly on compact subsets of 
S” \ {-z} and in Ls(S”) for all 1 < s < co. 
Proof of Theorem A. We first observe that if 
O<Supf < 
22/(+2) 
J f W?l 
then 
Jf,p < 22’“I@uP f) 
2/n-l 
. (*I 
Now, choose x E S” such that f(x) = Sup f and let {&} c Conf(S”) be as in 
Lemma 5. Set ft = f o &. Then we have (by the complement above) 
lim i 
t-++m w, J ft = f(x) = SuPf. 
Thus, if Sup f > 0 and t is large enough, we have J ft > 0 and 
(-4 
22/b-2) SUP f < J ft. 
Choose now t large enough. By (*) above we have Xf,p < 22/np(S~p f)2/“-‘, and 
the Main Theorem implies the existence of some function h E A for which one has 
( ft - h) E Scal(Sn). B y conformal invariance of Scal(Sn), we have (f - h o &t) I; 
Scal(Sn). Cl 
4. Proof of Theorem B 
We let ~0,~ and WO,~, @ > 1, x E S 3, be the functions defined on S3 by 
VuF’,z = (/3 - cos r)-‘/2 and “P,z = (P + cos r) 
--l/2 
) 
where r is the geodesic distance to x. We then have 
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Lemma 5. It holds 
(I) Avp,z + i&z = :(P” - l)$,, 
(2) (P” - q3’2 J $z = w3, 
(3) limp_+l(/?2 - 1)3/2 J fv$,, = W3f(5) for all f E C”(S3), 
(4) limp,l(P2 - 1) S(f - f(~~))w;,~ = 0 for all f E Cm(S3), 
(5) limp&P2 - 1) J b-& 2~0,~ = +rf(x) for all f E C”(S3), 
(6) limp-l (P2 - 1) ./ f v$,,wp,z ‘A = 0 for all 2 6 k 6 4 and all f E Cm(S3). 
Proof. Points (1) and (2) are very classical and just come from the fact that {@go; 4 E 
Conf(S3)} = {(p” - 1)V$,5g 0; x E S3}. We directly obtain the point (3) from the point 
(2), whereas the points (4), (5) and (6) re d uce to very simple calculus. For instance, 
if we develop f around 2, we get f = f(x) + ht sin T + h2( 1 - cos r) where hr and h2 
are two bounded continuous functions defined on S3 - {x} with J8s,(r) hlda = 0 for 
all 0 < T < a. Set M = Sup Ih21. We have 
J 
and, therefore, 
(f - f (x))vz,,I < 4nM 
J 
?r sin2 T(l - cos r)uE,,(r) dr. 
0 
We then obtain the point (4) with the change of variables y = tan( fr). We prove the 
points (5) and (6) with the same kind of elementary calculus. Cl 
Proof of Theorem B. According to the main theorem we have to prove that 
Xf,p < $3JJ3)2’3 (SUP f )- 113 
(as n = 3). Now, let up = ~up,~ t u~u~p,~, ,0 > 1, where ~0,~ and 2~p,~ are defined as 
in Lemma 5 and where x is chosen such that f(x) = f(-x) = Sup f. As the ~0 are 
globally symmetrical, s h$ = 0 for all h E A. Moreover, for ,8 close to one, s fu$ will 
be positive (Lemma 5). Therefore, (J f u$)-*/6up will belong to As. Using Lemma 5 
we then obtain 
/ IVup12 t $1 u$ = /(Au, t ;uro)up 
= $(P2 - 1) 
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J 
fw;,,v,z + 2cr,k J fv;,zw;;k 
k=2 
= [wllp m t 6(P2 - P( J fv;,,q,, t J fw;,zv8,z) 
+ (P2 - 1p2E(p - l)] (p2 - 1)-3j2, 
where 
Jirnl&(p - 1) = 0. 
-+ 
Set up = (J fuE)-‘/‘up. We then have 
J 1vvp12 + ; J v; = 
(~2 - v[ J pup12 t i J u;] 
((P” - 1)3/2 
J 
f u;) 1’3 
= [;u3 + ;w - 1)lw - l)Ju;,,w(i,z] 
x [mm + 6(P2 - v'~(P~ - l~(Jfv;,zwil.z + J fw;,rvD,z) 
+ (p" - l)“%(p - l)] -“3 
= $(2W3)2/3(sUpf)-1/3[1 t J-(/P- l)q(p- 1) Jv;,zwo,z 
- &p2 - 1) J fv;,zw,r - &v2 - 11 J fw;,zvo,r) 
+ (p2 - 1p E’(P - l)], 
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where 
jir$ E’(P - 1) = 0. 
Thus, we will find p close to one such that 
if 
But, according to Lemma 5, this limit is -$, and therefore 
Xj$ < ;(2W3)2'3(sUpf)- * 113 
This finishes the proof of the first part of Theorem B. The second part of the theorem 
is stated and proved in Escobar-Schoen [4]. 0 
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